A technique based on the Cauchy integral formula of the theory of analytic functions of a complex variable has been formulated for the numerical evaluation of both real and complex Cauchy value integrals along directed line segments.
Introduction
Real Cauchy principal value ( CPV ) integral is given by the following limit provided it exists:
where ( ) is continuously differentiable function over [ a, b] and a . These integrals occur quite often in theories of elasticity, aerodyanamics, scattering and in different branches of engineering. In addition to this, CPV integrals also occur in contour integration processes in complex analysis and in some methods for the solution of differential equations. For the numerical approximation of real CPV integrals ( ) extensive research work has been conducted by several researchers using the theory of interpolation ( cf. Davis and Rabinowitz [ 4 ] , Monegato [ 10 ] , Diethelm [ 5 ] , Chawla and Jayarajan [ 2 ] , Hunter [ 6] ).
Similarly the definition of complex CPV integral along directed line segment L from the point a to the point b in the complex plane can be formulated at par with the definition of real CPV integral given by equation (1) . Of course in case of complex CPV integral the function ( ) is assumed to be analytic in a domain containing the directed line segments L and the point c satisfies the inequality | | | | where =(a+b)/2 and h=(b-a)/2. Some of the research work conducted for the numerical approximation of complex CPV integral along directed line segment are due to Milovanovic et al [8] and Das and Hota [3] .
The objective in the present paper is to formulate a method for the numerical approximation of both real and complex CPV integral ( ). The method is based on Cauchy integral formula relating to analytic function of a complex variable which is stated as: if ( ) is an analytic function inside and on a closed contour crossing the point c in the complex plane, then
where the sense of description of the contour is anticlockwise; moreover, the integral in the right hand side of equation (2) is equal to 0 or ( ) according as the point c is outside or inside the closed contour (cf. Saff and Snider [11] ).
Formulation of the method
We first consider the case when the CPV integral is real. Let be a triangular contour with vertices P, Q and R having affixes b, (a+b)/2+i(ba)s/2 and a respectively where s is a real parameter. It is further assumed that ( ) is the analytic continuation of the real function ( ) (which is assumed to be continuously differentiable). Now integration of ( ) ( ) around the contour with semi-circular indentation of radius to carry it below the pole c in the anticlockwise sense and letting lead to the following equation
where the segments and are respectively the directed line segments ⃗⃗⃗⃗⃗ and ⃗⃗⃗⃗⃗ . It is pertinent to note that the function ( ) ( ) is analytic in the domain D excluding the point c situated on the line segment ⃗⃗⃗⃗⃗ from a to b.
The two contour integrals in the right hand side of equation (3) can be approximated by any existing quadrature rule meant for the numerical evaluation of contour integrals of analytic or harmonic functions along directed line segments in the complex plane. Some of these methods can be found in Milovanovic et al [9] . However, from the points of view of accuracy and economy, the transformed Gauss-Legendre rule due to Lether [7] which is stated below, is considered to be preferable to other existing rules.
If the contour integral of an analytic function ( ) is given by
( ) where L is a directed line segment from the point to the point , then the n-point transformed Gauss-Legendre quadrature rule meant for the contour integral ( ) is given as:
where , ( ) are the zeros in (-1,1 ) of the Legendre polynomial of degree n and 's are the associated weights (cf. Abramowitz and Stegun [1] ).
In numerical integration by a quadrature rule the accuracy of computation is enhanced by making the size of the range of integration relatively small. In the method discussed, each of the line segments L 1 (4) should be taken as
instead of ( ) ( ) ( ) which implies subtracting out the near by singularity c. Adopting the steps mentioned in terms of equations (3)- (5), the approximation for the CPV integral ( ) can be obtained in the following form
For the numerical evaluation of the complex CPV integral along directed line segment L in the complex plane from the point a to b where
) | , the method described in case of real CPV integral can be followed verbatim.
Numerical experiments and conclusion
For conducting the numerical experiments the following real CPV integrals are considered:
The CPV integrals I 1 and I 2 have been computed by assigning the value 0.2 to the real parameter s and using equation (6) . Let E(I 1 ) and E(I 2 ) denote respectively the absolute errors associated with the computed values of the CPV integrals I 1 and I 2 by the technique formulated in the previous section i.e. using the equation (6) . The computed values of E(I 1 ) and E(I 2 ) for different values of n and c have been appended in Table- 1. The following complex Cauchy principal value integral has been computed by the method based on equation (6) assigning the value -0.5 to the real parameter s.
where L is a directed line segment from the point -i/2 to the point i/2. The parameter s is assigned negative value for keeping the sense of integration anticlockwise. The exact value of the Cauchy prinicipal value integral I 3 is -1.18794747880483+0.70407282695652i and each of the computed values of I 3 for n=5 or n=6 agrees with the exact value up to fourteen decimal places.
Generally the interpolatory methods meant for CPV integrals use the oscullatory interpolation or Lagrange interpolation according as the singularity c coincides with one of the nodes or is different from all the nodes. Consequently the quadrature rules based on these interpolations are different in form. In the present method the possibility of c coinciding with any node does not arise and hence this method is applicable for all positions of the singularity c as an intermediate point on the path of integration. From the examples considered it is evident that the method is capable of producing at least ten decimal place accuracy even for moderate value of n=4.
